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We evaluate the effect of quantum electrodynamics on the correlations between Dirac field modes
corresponding electron-positron pairs of opposite momenta generated by expansion of an asymp-
totically flat Friedmann-Robertson-Walker (FRW) universe. The mutual information of out-going
electron-positron pairs is evaluated to leading order in the coupling strength and compared with the
free case. It is shown a decrease in the mutual information between the electron and positron. In
addition, it is found that the change in the electron-positron mutual information depends on how
the momentum is distributed between the positron and photon modes.
PACS numbers: 03.67.Mn, 03.65.Ud, 04.62.+v
I. INTRODUCTION
Gravitational particle creation appeared as a funda-
mental process in early works on particle creation by
black holes and black hole evaporation by S. Hawking
in [1]. One of the conclusions was that gravitational
collapse converts baryons and leptons in the collapsing
body into entropy. The recent revival of the study of
gravitational particle creation in a time-varying space-
time background is partially motivated by the devel-
opment of relativistic quantum information and precise
data acquired from cosmic microwave background radia-
tion. These developments permit, for instance, to study
quantum information processes in regimes where rela-
tivistic effects are important and to test fundamental
predictions of inflation on primordial fluctuations, such
as scale independence and gaussianity [2].
Cosmological particle creation incorporates entropy
production and particle back-reaction on space-time ge-
ometry [3]. In particular, the degree of entanglement
between quantum field modes has been shown to contain
a fairly complete amount of information about the cos-
mic parameters characterizing the expansion [4]. In [5],
the thermodynamic and kinetic properties of irreversible
gravitationally induced particle production were studied
in the context of Friedmann-Robertson-Walker (FRW)
cosmology, showing that the resulting non-equilibrium
distribution function has the same functional form of
equilibrium, save that the evolution laws should be cor-
rected by the particle production process. Moreover,
such a process was seen to affect predictions of the ob-
servable quantities as, for instance, the dark matter den-
sity and thermally averaged annihilation cross sections
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[6].
In [7] the entanglement of momentum modes (p,−p)
of a free quantum scalar field, produced by an expand-
ing conformally flat 1+1-dimensional FRW universe, was
shown to contain information about cosmic parameters
characterising the space-time expansion. In the limit of
small mass, this allowed for expressing the cosmological
parameters in terms of the amount of the entanglement,
quantified by the von Neumann entropy (SvN ), generated
throughout cosmic evolution. In a similar fashion, in [8] it
was studied the entanglement between modes of opposite
momenta of a free Dirac field. The latter showed quali-
tative differences as compared with the bosonic counter-
part, namely that fermionic fields encode more informa-
tion about the underlying space-time than the bosonic
case. In other words, the response of the entanglement
to the dynamical evolution of the universe was shown to
depend on the nature of the quantum field. Whilst for the
bosonic case SvN of an observed mode decreases mono-
tonically from a maximum at p = 0, for a Dirac field SvN
peaks around a certain (optimal) momentum p > 0. This
shows a privileged momentum range for which space-time
expansion generates a large amount of entanglement for
fermion fields as if the exclusion principle impeded entan-
glement between small momentum values in contrast to
the bosonic case. Moreover, the frequency at which this
peak in SvN (|p|;m) occurs is sensible to the rapidity (ρ)
of the expansion, while the amount of entanglement in
the maximally entangled |p| is sensitive to the total vol-
ume () of expansion. As these are the only cosmological
parameters characterising the scale factor of their model,
it follows that the information about all the parameters
of the expansion is codified in this peak. In this ideal con-
text, where the universe follows an (asymptotically flat)
expansion governed by two parameters  and ρ, namely
the volume and rapidity, in [8] it is designed a protocol
to extract such cosmological parameters from the peaked
behaviour in |p| of the electron entropy (as opposed to
the bosonic case, which monotonically decreases as |p|
increases), namely the rapidity of the expansion is en-
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2coded in the frequency of the maximally entangled mode
whereas the volume of the expansion is codified in the
amount of entanglement generated for this optimal mode.
The problem of whether the presence of interactions
stimulates or prevents the production of particles by
the gravitational field as compared with the creation
of free particles has been solved long ago [9–11]. In
[15, 16], it was investigated the effect of quantum electro-
dynamics (QED) interaction upon the creation of pho-
tons and electron-positron pairs both in a FRW ex-
panding universe and in other expanding asymptotically
minkowskian spacetimes in the distant past and future .
The emphasis was on photon generation later than the
Compton time of Dirac particles along the cosmological
evolution because it is the mass of Dirac particles that
allows the breaking of conformal symmetry. Therefore,
cosmological creation of Dirac electron-positron pairs is
possible even in the absence of the QED interaction. On
the other hand, the simultaneous creation of electron-
positron pairs and photons in a curved background with
electromagnetic interaction can be studied within pertur-
bation theory in e2/(4pi) ≈ 1/137 (~ = c = 1) as in [16]
where it was evaluated an attenuation effect for fermion
production. It would certainly be interesting to assess
the role played by interactions in the quantum correla-
tions over a time-varying cosmological background.
In [17], we studied the effect of interactions in the
evaluation of cosmological parameters through correla-
tions of opposite momentum modes of the created parti-
cles in the simplest possible setup: a bosonic scalar field
ϕ subject to a λϕ4 interaction immersed in an asymp-
totically flat (1 + 1)-dimensional FRW expanding space-
time. The Bogolyubov coefficients were computed per-
turbatively in the interaction picture a la Birrel and Ford
[9] and served to conclude that self-interaction amplifies
the low-frequency modes of the scalar field producing an
enhancement in the entanglement entropy between the
particle pairs created by space-time expansion. Because
there exist fundamental differences in entanglement gen-
eration between opposite momenta of the produced par-
ticles due to their statistics, it is worth investigating the
effect of interactions in the entanglement and correlations
between Dirac particles. This is the main purpose of this
contribution which is organised as follows: in section II
we present the quantisation of Dirac equation and the
Maxwell field in a conformally flat curved space-time.
Section III contains all the main results of this work,
namely the mutual information between electrons and
positrons in both free and interacting cases, which are
illustrated with the graphs in the end of this section.
We chose the mutual information for it is a more mean-
ingful quantity when dealing with N -partite (N > 2)
systems, since the interaction produces a third particle
in the system, i.e. a photon, to leading order in pertur-
bation theory. Moreover, it reduces to (twice) the von
Neumann entropy in the free case limit as computed in
[8]. Our concluding remarks are addressed in section IV
and technical details are left to an appendix.
II. THE MODEL
Consider the action of QED with Dirac fermions of
mass m embedded in a curved space-time background
M in (3 + 1)-dimensions:
SMQED =
∫
d4x
√−g[ 1
2
ψ¯(iγµ(∂µ − Γµ)−m)ψ
− 1
4
FµνF
µν − ieψ¯γµAµψ].
We have adopted natural units. In SMQED, e is the cou-
pling constant, Fµν = ∇µAν −∇νAµ is the electromag-
netic field strength tensor, where ∇µ represents covariant
differentiation, Γµ is the spinorial affine connection de-
fined as
Γµ = −1
8
[γa, γb]e
aν∇µebν , (1)
in which eµa is a tetrad field and γ
µ = eµaγ
a are the Dirac
matrices in curved spacetime, satisfying {γµ, γν} = 2gµν ,
{γa, γb} = 2ηab and eaµ ebνηab = gµν . We take a confor-
mally flat FRW space-time with metric
ds2 = C(η)(−dη2 + dxidxi), (2)
where η is the conformal time related to the cosmological
time t as dη = dt/C(η) and we adopt the mostly plus
signature. Exact solutions in quantum field theory on
curved space-times are notoriously difficult. In order to
get analytical results, we follow [8] and [18] by choosing
C(η) = (1 + (1 + tanh(ρη)))2, (3)
where , ρ are positive real parameters which represent
the total volume and the rapidity of the expansion, re-
spectively. In the asymptotic past/future
Cin ≡ C(η → −∞) = 1, Cout ≡ C(η → +∞) = (1 + 2)2,
(4)
showing that space-time is asymptotically Minkowskian
in in/out-regions, respectively. In the asymptotic re-
gions, space-time admits time-like Killing vectors ±∂η.
Consequently we may classify the solutions of the field
equations into positive and negative frequency modes and
proceed with field quantization in terms of creation and
annihilation operators.
In order to study interacting fields, it is convenient
to work in the interaction picture. The field operators
satisfy the free Dirac and Maxwell wave equations,
[iγµ(∂µ − Γµ) +m]ψ = 0, (5)
and
∇µ∇µAν −∇ν(∇µAµ) +RαµAα = 0, (6)
where Rµν is the Ricci tensor that arises due to the com-
mutation relation for the covariant derivatives acting on
3a vector field. The state-vector of the system satisfies the
Schroedinger equation
Hint|Ψ〉 = i∂η|Ψ〉, (7)
with
Hint = −ie
∫
d3x
√−gψ¯γµAµψ. (8)
A. Dirac field in an expanding spacetime
Using gµν(x) = C(η)ηµν , we can rewrite the Dirac
equation (5) by replacing the tetrad field with the square
root of the scalar factor
[i
√
C(η)γµ(∂µ − Γµ(C(η))) +m]ψ = 0. (9)
Spatial translational invariance of the metric (2) permits
us to factorize the solutions as
ψ(x) = eip·x[C(η)]−3/4 (10)
× (γ0∂η + iγ · p−m
√
C(η))φp(η). (11)
Inserting this equation into the Dirac equation (5), we
obtain the following differential equation
∂2ηφ
(±)
p +
(
m2C(η)± imC˙(η)√
C(η)
+ p2
)
φ(±)p = 0 (12)
where p2 = |p|2, C˙(η) = ∂C(η)/∂η and we have used
that γ0 has eigenvalues ±1. Notice that (12) is just the
harmonic oscillator equation with time-varying frequency
ω2(±)p (η) = p
2 +m2C(η)± imC˙(η)√
C(η)
. (13)
The solutions of Eq. (12) in the asymptotic regions are
φin(±)p
∣∣∣
η→−∞
=
eiωinη√
2ω
(±)
in
, φout(±)p
∣∣∣
η→+∞
=
e−iωoutη√
2ω
(±)
out
(14)
with frequencies ωin,out =
(
p2 + µ2in,out
)1/2
where µ2in =
m2C(−∞) and µ2out = m2C(+∞) and we have used
C˙(±∞) = 0. Following the notation as in [18], we rep-
resent the quantum field over the regions “in” and “out”
with a pair of mode functions U in,out, V in,out, where the
U ’s (V ’s) are related to φ(−) (φ(+)). Moreover, according
to our conventions, flat space spinors satisfy
γ0u(0, s) = −u(0, s), γ0v(0, s) = v(0, s), (15)
with s = 1, 2 accounting for spin states. Putting all to-
gether, the curved-space spinor solutions of Dirac equa-
tion can be written in terms of the mode functions in the
in-region,
U inp (x; s) = Kin(p)[C(η)]
−3/4[−i∂η + iγ · p
− m
√
C(η)]φin(−)p e
ip·xu(0, s),
V inp (x; s) = Kin(p)[C(η)]
−3/4[i∂η − iγ · p
− m
√
C(η)]φin(+)p e
−ip·xv(0, s), (16)
or out-region with similar expressions substituting in
with out, where
Kin(out)(p) = −1
p
(
ωin(out) − µin(out)
2µin(out)
)1/2
. (17)
Finally the field operator can be expanded in terms of
creation and annihilation operators in the in-region as
ψˆ(x) =
∫∑
p,s
(
µin
ωin
) 1
2
[aˆinp,sU
in
p (x; s) + bˆ
†in
p,sV
in
p (x; s)], (18)
where
∫
p
≡ ∫ d3p/(2pi)3/2 and similarly for the field op-
erator in the out-region. The creation and annihilation
operators which act on fermionic states satisfy the usual
relations{
aˆin(out)p,s , aˆ
in(out)†
p′,s′
}
=
{
bˆin(out)p,s , bˆ
in(out)†
p′,s′
}
= δss′δpp′
(19)
defining the in and out-vacua
aˆin(out)p,s |0〉in(out) = bˆin(out)p,s |0〉in(out) = 0. (20)
Bogolyubov’s coefficients are defined as usual, connecting
in- and out- regimes
φin(±)p (η) = α
(±)
p φ
out(±)
p (η) + β
(±)
p φ
out(∓)∗
p (η), (21)
and obey, according to our normalization,
α(−)α(+)∗ − β(−)β(+)∗ = 1. (22)
Equivalently, one can express the relations between the
mode functions Uin/out, Vin/out with the help of (16):
U inp =
Kout
Kin
[
α(−)p U
out
p + β
(−)
p V
∗out
p
]
V inp =
Kout
Kin
[
α(+)p V
out
p + β
(+)
p U
∗out
p
]
. (23)
A relation between creation and annihilation operators
in the asymptotic regimes can be obtained from (18) us-
ing that the expansion in both regions describes the same
field operator. We obtain
aˆoutp,s = N
[
α(−)p aˆ
in
p,s + β
∗(−)
p
∑
s′
Xss′(−p)bˆ† in−p,s′
]
,
≡ α˜paˆinp,s + β˜∗p bˆ†in−p,s ,
bˆoutp,s = N
[
α(−)p bˆ
in
p,s + β
∗(−)
p
∑
s′
Xss′(−p)aˆ† in−p,s′
]
≡ α˜pbˆinp,s + β˜∗p aˆ†in−p,s , (24)
with
N =
[ωout
ωin
ωin − C1/2in
ωout − C1/2out
]1/2
(25)
4and the so called polarization tensor Xss′(p) is given by
[18]
Xss′(p) = −2Cout
(
ωout − C1/2out
2p2Cout
)1/2
Uout−p (s
′)v(0, s),
(26)
satisfying∑
s′
|Xss′(p)|2 = 2µin(out)K2in(out)(ωin(out) − µin(out))δss′
=
∑
s′
[µin(out)
p
(
1− ωin(out)
µin(out)
)]2
δss′ . (27)
In a similar fashion, we may obtain expressions for
aˆ†outp,s and bˆ
†out
p,s .
The Bogolyubov coefficients can be analytically evalu-
ated for the asymptotically free space-time (2) using the
solutions of equation (12) [7, 8, 17, 18]. They read:
α(±)p =
(
ωin
ωout
)1/2 Γ(1− iωoutρ )
Γ
(
−i
2ρ (ω− ± i)
) ×
×
Γ
(
iωin
ρ
)
Γ
(
1− i2ρ (ω− ± i)
) (28)
and
β(±)p = −
(
ωin
ωout
)1/2 Γ(1− iωoutρ )
Γ
(
−i
2ρ (ω+ ∓ i)
) ×
×
Γ
(
−iωin
ρ
)
Γ
(
1− i2ρ (ω+ ∓ i)
) , (29)
where we used (13) to conclude that
ω±in − ω±out = ωin − ωout ± i
≡ ω− ± i, (30)
and
ω±in + ω
±
out = ωin + ωout ∓ i
≡ ω+ ∓ i. (31)
B. Electromagnetic field in an expanding spacetime
As it is well known, the free photon Lagrangian is
invariant under local rescalings in the metric and so is
the Dirac Lagrangian for massless fermions in four di-
mensions. In fact, the addition of a QED interaction
term does not violate conformal invariance either. That
means that particle creation mechanism for electrons,
positrons and photons depend on the mass term in the
Dirac field. Concretely one may perform a transforma-
tion g′µν = Ω
2gµν and A
′µ = Ω−2Aµ so that g′µν = ηµν .
Hence “in” and “out” solutions will be undistinguishable
and the vector potential Aˆµ may be expanded in terms
of plane-wave modes in Minkowski space
Aˆµ(x) =
∫∑
k,σ
1√
2k
σµ(k)
(
cˆk,σe
−ik·x + cˆ†k,σe
ik·x
)
, (32)
where σµ is the polarization vector for the polarization
state σ and cˆk,σ and cˆ
†
k,σ are the annihilation and cre-
ation operators for photons, respectively. These opera-
tors satisfy the usual commutation relations
[cˆk,σ, cˆ
†
k′,σ′ ] = δσ,σ′δk,k′ ,
[cˆk,σ, cˆk′,σ′ ] = [cˆ
†
k,σ, cˆ
†
k′,σ′ ] = 0.
(33)
The natural choice for the vacuum state is conformal vac-
uum of the Maxwell theory and it is defined as cˆk,σ|0〉 =
0.
III. PARTICLE CREATION, ENTANGLEMENT
AND MUTUAL INFORMATION
In [7, 8] it was shown that the vacuum of the quan-
tum field in the asymptotic past evolves to an entangled
state in the asymptotic future. Moreover the entangle-
ment generated by the expansion was shown to contain
information about the cosmic evolution, such an infor-
mation being more easily obtained for fermionic as com-
pared with bosonic fields. The entanglement entropy as a
function of physical parameters such as momentum and
mass or the cosmological parameters  and ρ was quali-
tatively distinct for bosons or fermions. In [15, 16] it was
estimated the magnitude of the contributions to particle
creation, which are due to the interaction in comparison
with the creation of free electron-positron pairs. In par-
ticular, it was verified an attenuation effect for fermionic
particles as free electron-positron pairs counteract pair
creation due to non-gravitational interaction. Effectively
this means that the electromagnetic interaction produces
less than one electron-positron pair per photon to leading
order.
Here we are interested in the contribution of the elec-
tromagnetic interaction to the correlations generated be-
tween Dirac modes in an expanding conformally flat and
asymptotically Minkowskian space-time. Up to tree-
level, the interaction term (8) in an expanding cosmo-
logical background, where conservation of field energy is
not required, can be depicted as in fig. 1. To evaluate
such a contribution it is convenient to use S-matrix tech-
niques in the interaction picture. We assume that the
electromagnetic interaction is adiabatically switched off
in the “in” and “out” regions of spacetime.
Let us formally write the state vector in the remote
past as
|Ψ〉in = N
(
|0〉Din⊗|0〉γin+
∫
k1,k2,k3
Γk1,k2,k3 |k1,k2〉⊗|k3〉
)
,
(34)
5to leading order in the interaction, where |0〉D and |0〉γ
correspond to the Dirac and photon vacua and k1 , k2
and k3 represent the electron, positron and photon mo-
menta, respectively. Moreover, to guarantee that |Ψ〉in is
normalized to unity, we require
|N |−2 = 1 +
∫
k1,k2,k3
|Γk1,k2,k3 |2, (35)
where
Γk1,k2,k3 = 〈k3| ⊗ 〈k2,k1|
(
− i
∫ ∞
−∞
Hˆint dη
)
|0〉Din ⊗ |0〉γin,
≡ e δ3(k1 + k2 + k3)A(k1,k2,k3),
(36)
and Hˆint is given by (8).
A. The non-interacting case
In the interaction picture the Bogolyubov coefficients
carry information only about the non-interacting contri-
bution to the total particle creation. Due to the struc-
ture of the Bogolyubov transformation (24), an electron-
positron pair of modes (p,−p) can be produced by the
free Dirac field in an expanding space-time. Moreover,
a Fock space state in the in-region is related to the cor-
responding state in the out-region by a Schmidt decom-
position which can be written as a two-mode squeezing
unitary operator factorised for each pair of modes. For-
mally,
|0〉Dout =
∏
p
|0p0−p〉out ,
|0p0−p〉out = S(aˆin†p , bˆin†−p)|0p0−p〉in (37)
≡
1∑
n=0
an|npn−p〉,
with
S = Cp exp
[
−β
∗(−)
p
α
(−)
p
∑
s′
Xss′(−k)aˆin†p,sbˆin†−p,s′ + h.c.
]
an = (−1)nCp
[
β
∗(−)
p
α
(−)
p
∑
s′
Xss′(−p)
]n
. (38)
and Cp is a normalisation constant to be determined so
that Dout〈0|0〉Dout = 1 to yield
Cp = (1 + γp)
−1/2, (39)
where
γp ≡
∑
s′
∣∣∣∣∣β∗(−)pα(−)p
∣∣∣∣∣
2
|Xss′ |2, (40)
which can be computed for a FRW conformally flat space-
time of scale factor (3) with the help of equation (27),
(28) and (29) to yield [4]:
γp =
(ω− +m)(ω+ +m)
(ω− −m)(ω+ −m) ×
×
sinh
[
pi
ρ (ω− −m)
]
sinh
[
pi
ρ (ω− +m)
]
sinh
[
pi
ρ (ω+ +m)
]
sinh
[
pi
ρ (ω+ −m)
] ×
×
[m
p
(
1− ωin
m
)]2
. (41)
Expression (37) means that the pure, entangled state
|0p0−p〉out can be written as a Schmidt decomposition
in all number states n in the bi-partition p,−p, where
np(n−p) labels the number of electron (positron) excita-
tions in the field mode p as seen by an observer (inertial)
in the in-region. A similar decomposition can be made
for |0p0−p〉in, the interpretation being that particles are
created by cosmic expansion. In order to quantify the en-
tanglement of particle-antiparticle modes in |0p0−p〉out,
we define the density matrix,
%0p,−p = |0p0−p〉out〈0p0−p|, (42)
from which the reduced density matrix for the electron
reads
%0p =
∑
n
〈n−p|%0p,−p|n−p〉
=
∑1
n=0
(
γp
)n|np〉in〈np|
(1 + γp)
. (43)
The von Neumann entropy S of the reduced density ma-
trix %p,
S0e− = −tr
(
%0plog2%
0
p
)
= log2
(
1 + γp
γp γp/(1+γp)
)
. (44)
is a well-founded measure of entanglement between elec-
trons and positrons produced in modes p, −p. From (41)
one sees that the entropy is zero when the mass of the
fermion field vanishes.
It is important to notice that the density of created
particles is given by |β∗p|2, and in order to the total num-
ber of particles in all modes be finite, namely
∫
npd
3p <
∞, |β∗p|2 should fall faster than |p|−3 as |p| → ∞. Such
a condition also validates the normalisation of the out-
vacuum expressed in terms of the in-vacuum (squeezing)
[12]. In the particular space-time we consider [7, 8], this
condition is met. In particular, regarding the entropy cal-
culation in the free case, for both bosons and fermions,
it is possible to analytically evaluate the entanglement at
infinity. For instance, for m = |p| = ρ = 1, it is found
that in the limit where →∞,
γp → e−pi
√
2 e
pi
√
2 − epi
epi
√
2+1 − 1 , S
0
e−(→∞) ≈ 0.0048, (45)
6where m is the mass,  is the total volume and ρ the ra-
pidity of the expansion. For purposes of comparison with
the interacting case, we shall compute the mutual infor-
mation between the electron-positron in the free case,
which is defined as
I0e−e+ = S0e− + S0e+ − S0e−e+
= 2S0e− , (46)
because S0e−e+ = 0, as the system is a pure state, and
S0e+ = S
0
e− .
Figure 1. Creation of electron-positron pairs and photons in
an expanding space-time. Even in the absence of interactions,
electron-positron pairs are created and realised as an entan-
gled state in the modes p,−p. Electromagnetic interaction
is expected to affect the mutual information of the electron-
positron pair.
B. Correlation measure of the dressed vacuum
In order to study the effect of the electromagnetic in-
teraction on the entropy generation for electrons of mode
p we apply the squeezing operator in the fermionic sec-
tor in (34), while leaving the (massless) photonic sector
unaltered |Ψ〉out = (S ⊗ 1ˆ)|Ψ〉in, namely
|Ψ〉out = N
(
S|0〉Din⊗|0〉γin+
∫
k1,k2,k3
Γk1,k2,k3S|k1,k2〉⊗|k3〉
)
.
(47)
The integrand in the RHS of the expression above can be
evaluated as
S|k1,k2〉 ⊗ |k3〉 −→
√
2ω1
√
2ω2
√
2k3
Saˆin†k1,sS−1S bˆ
in†
k2,s′S−1S|0〉Din ⊗ cˆ
in†
k3,σ
|0〉γ , (48)
and hereafter we omit the index “in” at the creation op-
erator for photons because of the conformal invariance of
Maxwell theory. Moreover
Saˆin†k1,sS−1 = aˆ
out†
k1,s
,
S bˆin†k2,sS−1 = bˆ
out†
k2,s
and S|0〉Din = |0〉Dout.
In order to evaluate the contribution of the electromag-
netic interaction to leading order, we write the out-state
as
|Ψ〉out = N(1ˆ + Iˆ)(|0〉Dout ⊗ |0〉γ), (49)
where
Iˆ =
∫
k1,k2,k3
Γk1,k2,k3
(
aˆout†k1,s bˆ
out†
k2,s
cˆ†k3,σ
)
. (50)
The dressed density matrix of the system reads
%˜ = |Ψ〉out〈Ψ| = (%˜0 + Iˆ %˜0 + %˜0Iˆ† + Iˆ %˜0Iˆ†), (51)
%˜0 = |N |2 |0〉Dout〈0| ⊗ |0〉γ〈0|. (52)
Because now we are dealing with a tri-partite system, the
von Neumann entropy of the reduced system is no longer
a meaningful quantity. Rather, we employ the mutual
information of the electron-positron pair as a consistent
measure of correlation in both free and interacting cases.
Mutual information has been used in [13, 14], where it
was employed the so-called average sub-system entropy
in the context of multipartite systems.
In order to calculate the mutual information between
the electron and positron with the dressed vacuum, we
need to evaluate the reduced density of the electron, the
positron and the system electron-positron, just so we can
compute their individual von Neumann entropies. The
mutual information in the interacting case reads
I˜e−e+ = S˜e− + S˜e+ − S˜e−e+ . (53)
To compute the leading order correction for outgoing
electrons of momentum p, we must choose the partition
k1 = p, k2 = ap+q ≡ q1 and k3 = −(1 + a)p−q ≡ q2,
for any real a and p · q = 0, on momentum conservation
grounds. Hence the reduced matrix for the electron is
%˜p =
∑
j,l
〈jq1 | ⊗ 〈lq2 | %˜ |jq1〉 ⊗ |lq2〉
=
∑
j
〈jq1 |%˜0|jq1〉
+
∑
j,l
{
〈jq1 , lq2 |(Iˆ %˜0 + %˜0Iˆ†)|jq1 , lq2〉
+ 〈jq1 , lq2 |Iˆ %˜0Iˆ†|jq1 , lq2〉
}
, (54)
where we have abbreviated the notation and used equa-
tion (51). To compute the effect of the dynamical space-
time in the interaction picture, we write (50) with help
of (24). According to the partition we chose, we have
Iˆ = Γp,q1,q2 aˆ
out†
p,s bˆ
out†
q1,s ⊗ cˆ†q2,σ =
= Γp,q1,q2
(
α˜∗pα˜
∗
q1 aˆ
in†
p,sbˆ
in†
q1,s
+ α˜∗pβ˜q1 aˆ
in†
p,saˆ
in
−q1,s + β˜pα˜
∗
q1 bˆ
in
−p,sbˆ
in†
q1,s
+ β˜pβ˜q1 bˆ
in
−p,saˆ
in
−q1,s
)
⊗ cˆ†q2,σ
≡ Γp,q1,q2 IˆD ⊗ cˆ†q2,σ, (55)
where IˆD acts on the Dirac sector only. The terms of the
electron’s reduced density matrix in (54) are straightfor-
wardly evaluated. TheO(e0) term describing a free Dirac
7particle reads: ∑
j
〈jq1 |%˜0|jq1〉 = %0p, (56)
as in (43). The first two terms of O(e) in the double-sum
in (54) do not contribute since the partial trace over the
photon space yields zero. As for the term of O(e2), it
can formally be written as:∑
j,l
〈jq1 , lq2 |Iˆ %˜0Iˆ†|jq1 , lq2〉 =∑
j,l,n,n′
ana
∗
n′ |Γp,q1,q2 |2〈lq2 |1q2〉〈jq1 |IˆD|np〉|n−p〉 ×
× 〈1q2 |lq2〉〈n′p|〈n′−p|IˆD †|jq1〉 . (57)
The term involving the operator IˆD can be explicitly
written as
〈jq1 |IˆD|np〉|n−p〉 = α˜∗pα˜∗q1(aˆin†p,s|np〉) 〈jq1 |bˆin†q1,s|n−p〉+
+ α˜∗pβ˜q1(aˆ
in†
p,saˆ
in
−q1,s|np〉)〈jq1 |n−p〉+
+ β˜pα˜
∗
q1 |np〉 〈jq1 |bˆin−p,sbˆin†q1,s|n−p〉+
+ β˜pβ˜q1(aˆ
in
−q1,s|np〉)〈jq1 |bˆin−p,s|n−p〉.
It becomes clear from the structure above that only the
third term in the RHS contributes, which multiplied by
its hermitian conjugate as shown in (57), gives the follow-
ing formal expression for the electron’s reduced density
matrix:
%˜p = NA
[
%0p + e
2|a1|2|A(p,q1,q2)|2|β˜p|2|α˜∗q1 |2|1p,s〉〈1p,s|
+ O(e4)], (58)
where NA is chosen so that Tr(%˜p) = 1, and we used (36).
Moreover,
|A(p,q1,q2)|2 = 2
2(1 + )2
piρ2 sinh2(piωin(p)ρ )
[(1 + a)2 + q2]
p2 m2
×
× ωin(p)ωin(q1)[ωin(p)−m]3[ωin(q1)−m]3, (59)
which can be inferred from the explicit expression of
A(p,q1,q2) demonstrated in the appendix. It is note-
worthy that other diagrams of O(e2) yield zero and thus
(58) is the total contribution to the reduced density ma-
trix for an electron of outgoing momentum p.
Finally, the von Neumann entropy of the reduced den-
sity matrix taking into account the electromagnetic inter-
action to O(e2) can be written in terms of its eigenvalues
λi,
S˜e− = −
1∑
i=0
λi log2 λi, (60)
with
λ0 =
|a0|2
1 + e2 |a1|2|A|2|β˜p|2|α˜∗q1 |2
, (61)
λ1 =
|a1|2
(
1 + e2|A|2|β˜p|2|α˜∗q1 |2
)
1 + e2 |a1|2|A|2|β˜p|2|α˜∗q1 |2
, (62)
where A = A(p,q1,q2).
In a similar fashion, by tracing out the electron and
photon modes, we compute the positron’s reduced den-
sity matrix
%˜q1 = NB
[
%0−p + e
2|A|2∣∣α˜∗pα˜∗q1a0 + β˜pα˜∗q1a∗1∣∣2 ×
× |1q1,s〉〈1q1,s|+O(e4)
]
, (63)
with emerging positrons of momenta: −p for the free
case and a contribution in q1 due to the interaction. In
addition, NB is a normalisation constant and %
0
−p is the
positron’s reduced density matrix in the free case, which
has the same eigenvalues as the electron’s. That said, the
positron’s entropy becomes
S˜e+ = −
1∑
i=0
λ′i log2 λ
′
i, (64)
with
λ′0 =
|a0|2
1 + e2|A|2∣∣α˜∗pα˜∗q1a0 + β˜pα˜∗q1a∗1∣∣2 , (65)
λ′1 =
|a1|2
1 + e2|A|2∣∣α˜∗pα˜∗q1a0 + β˜pα˜∗q1a∗1∣∣2 , (66)
λ′2 =
e2|A|2∣∣α˜∗pα˜∗q1a0 + β˜pα˜∗q1a∗1∣∣2
1 + e2|A|2∣∣α˜∗pα˜∗q1a0 + β˜pα˜∗q1a∗1∣∣2 . (67)
We still need to evaluate the entropy of the electron-
positron system, i.e. S˜e−e+ , which is obtained by tracing
out the photon modes of (52). In doing so, we find that
the density matrix %˜e−e+ is not diagonal. After diago-
nalising it, only 2 eigenvalues are non-null, so that the
entropy of the pair is
S˜e−e+ = −
1∑
i=0
λ′′i log2 λ
′′
i , (68)
with
λ′′0 =
1
1 + e2|A|2∣∣α˜∗pα˜∗q1a0 + β˜pα˜∗q1a∗1∣∣2 , (69)
λ′′1 =
e2|A|2∣∣α˜∗pα˜∗q1a0 + β˜pα˜∗q1a∗1∣∣2
1 + e2|A|2∣∣α˜∗pα˜∗q1a0 + β˜pα˜∗q1a∗1∣∣2 . (70)
The fact that S˜e−e+ 6= 0 indicates that the electron-
positron system is no longer pure, that is, the pair is
entangled with the emerging photon. Due to this, the
mutual information, which quantifies the total (quantum
+ classical) correlation between the pair, is expected to
8decrease, because the photon “carries” part of the cor-
relation. Using (60), (64) and (68), we can compute the
mutual information in the interacting case as
I˜e−e+ = S˜e− + S˜e+ − S˜e−e+ , (71)
and compare it with the free case in (46). We display our
results in the graphs below. For the sake of simplicity
we have consistently adopted q = 0 as its value does
not affect qualitatively our conclusions. We have used
e2
4pi =
1
137 .
Figure 2. Mutual information between the electron and
positron as a function of mass in the free case. We have used
|p| = 1 and  = 1. The peaks increase with ρ and saturate
around ρ ≈ 30. Above we plotted the mutual informations
corresponding to ρ = 3, 5, 10, 15, 20, 30.
Figure 3. Mutual information between the electron and
positron as a function of momentum in the free case. We have
used m = 1 and  = 1. The peaks increase with ρ and satu-
rate around ρ ≈ 30 at an optimal momentum |p|optimal ≈ 1.2.
The curves correspond to ρ = 3, 5, 10, 15, 20, 30.
Figure 4. Decrease in the mutual information between the
electron and positron due to the interaction (∆Ie−e+ =
I˜e−e+ − I0e−e+). We have used m = 1 and  = 1. The curves
correspond to ρ = 3, 5, 10, 15, 20, 30 and ρ = 100, where they
saturate. Observe that the decrease is small up until around
|p|optimal ≈ 1.2 and for large momenta. The maximal mutual
information loss for these parameters is about 6%.
9Figure 5. Mutual information of the electron-positron pair
for m = 1, p = |p|optimal,  = 1 and ρ = 30. The mutual
information for the free case corresponds to the flat line, while
the interacting case is a function of a, which determines how
the momentum −p is distributed between the positron and
photon. Notice that for a = −1 or |a| >> 1, the mutual
information for both cases coincide. Also, there are values of
a ≈ ±12 which considerably decrease the mutual information
in the interacting case.
Figure 6. Variation of the mutual information of the electron-
positron pair for m = 1, p = |p|optimal, and ρ = 30 as a
function of .
IV. DISCUSSION AND CONCLUSIONS
It has been shown in [7], for massive free scalar fields,
and in [8], for massive free fermionic fields, that infor-
mation about space-time evolution is encoded in the
entanglement between particles of opposite momenta
as measured by the von Neumann entropy. For the
Dirac vacuum in an expanding space-time, entangled
fermion - anti-fermion pairs (p,−p) are generated even
in the absence of electromagnetic interaction for massive
fermions. The entanglement entropy of the observed par-
ticles, say electrons, has distinguished features as com-
pared with bosonic fields: whilst for fermions it peaks
at an optimal frequency, for bosons it monotonically de-
creases. This somewhat shows that fermionic fields are
more effective for extracting information about space-
time evolution. Using such peculiar features of fermionic
fields and within a simple spatially flat, asymptotically
minkowskian spacetime characterised by a rapidity ρ and
total volume , it was possible to construct a protocol to
estimate such cosmological parameters from the quan-
tum correlations. Such protocols are described in [8].
In a few words, the rapidity estimation protocol is ob-
tained from the optimal momentum, which is very sen-
sitive to ρ variations, whilst it changes very little with
. In addition, a lower bound for  can be appraised by
computing the maximum value of the quantum correla-
tion via an optimal |p| tuning as a function of . One of
the purposes of our work is to study, to leading order in
perturbation theory, how the electromagnetic interaction
interferes with cosmological parameter assessment based
on quantum correlations of modes of the pair electron-
positron for an emerging electron of momentum p.
Because a third particle is involved (photon) we employ
the mutual information as a measurement of quantum
correlations. It is adequate since it reduces to (twice)
the von Neumann entanglement entropy of the electron
(positron) in the limit where the coupling is zero. Figures
2 and 3 are just a restatement of the free case reported
in [8], save that we plotted the e−e+ mutual information
showing that it peaks at optimal values of the electron
momentum |p| for ρ = 3, 5, 10, 15, 20 and 30. Figure 4
shows the variation ∆I = I˜e−e+ − I0e−e+ as a function
of |p| for the same values of ρ. Notice that it peaks at
different values than figure 3 and vanishes for large |p|,
showing that the decrease of mutual information is very
small at the optimal momenta that maximise it. This
decrease in the e−e+ mutual information is due to the
fact that the particles become correlated to the photon
as well. The maximum decrease for the set of param-
eters we adopted is around 6%. The behaviour of the
e−e+ mutual information as a function of a (the parame-
ter that characterises the momentum shared between the
positron and the photon) is depicted in figure 5. Notice
that it coincides with the free case (flat line) at a = −1,
as it should, presents two minima at a ≈ ±12, and ap-
proaches a value that coincides with the free case for
|a| >> 1. Moreover, from figure 5, it is clear that multi-
ple values of a yield the same decrease in the mutual in-
formation, indicating that a 1-1 correspondence between
the mutual information and the outgoing momenta of the
particles is not direct and should be taken into account
in the evaluation of the cosmological parameters. Fig-
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ure 6 shows the variation of the mutual information as a
function of the volume of the universe . Notice that it
vanishes for large  and peaks at a value of  that cor-
responds to about 15% of the mutual information of the
free case for the same set of parameters.
Finally it is worth mentioning that in [17] we consid-
ered the influence of a self-interaction λφ4 for scalar fields
φ on the entanglement entropy generation for a particular
mode in an asymptotically free FRW space-time. It was
shown that self-interaction enhances the entanglement
entropy. Here, because of both the fermionic character
of the pair e−e+ and the interaction that involved a pho-
ton, we realise that some of the quantum correlation of
the pair e−e+ is distributed to the photon meaning that
in this case the interaction presents a deleterious effect.
Of course this analysis is qualitative and serves only to
indicate the percentage change in the quantum correla-
tion due to the interaction. Such effects should be taken
into consideration in the estimation protocols along with
anisotropy effects and, last but not least, decoherence
effects.
It would be interesting to construct more realistic mod-
els to take into account the effects above, as well as con-
structing appropriate detector models and detection pro-
cesses for the interpretation of the measurements in the
observation of (non-local) quantum correlations. In this
sense, moving point-like detectors coupled to quantum
fields have been considered to carry quantum informa-
tion in space-time [21]. In [22] finite-size detectors, i.e.
detectors with a position dependent coupling strength,
are described and claimed not only to be more realis-
tic but also to have the advantage of coupling to peaked
distributions of modes. This is important in the task of
evaluating correctly the reality of these quantum corre-
lations that define entanglement or even of effects that
appear to not satisfy the causal propagation of signals as
nicely discussed in [20].
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APPENDIX
Let us explicitly compute the amplitude in equation
(36),
Γk1,k2,k3 = 〈kχ3 |⊗〈kr
′
2 ,k
r
1|
(
− i
∫ ∞
−∞
Hˆint dη
)
|0〉Din⊗|0〉γin,
where Hˆint = −ie
∫
d3x
√−g ˆ¯ψγµAˆµψˆ. The mode expan-
sion for the Dirac and Maxwell quantum fields are given
by equations (18) and (32). Inserting the latter in the
expression for Γk1,k2,k3 yields
Γk1,k2,k3 = −e
∫
d4x
√−g
∑
s,s′,σ
∫
k′1,k
′
2,k
′
3
[
µin
ωin(k′1)
]1/2
×
×
[
µin
ωin(k′2)
]1/2
e−i(k
′
1+k
′
2+k
′
3)·x√
2k′3
U¯ ink′1,sγ
µσ∗µ (k
′
3)V
in
k′2,s
〈kr1kr
′
2 |k′s1 k′s
′
2 〉〈kχ3 |k′σ3 〉. (72)
According to the normalization convention we have
adopted, the scalar products read
〈kr1kr
′
2 |k′s1 k′s
′
2 〉〈kχ3 |k′σ3 〉 =
(
ωin(k
′
1)
µin
δ(3)(k′1 − k1)δrs
)
(
ωin(k
′
2)
µin
δ(3)(k′2 − k2)δr′s′
)(
2|k′3|δ(3)(k′3 − k3)δχσ
)
,
which yields, after simple algebra,
Γk1,k2,k3 = −
e
(2pi)3(2pi)
3
2
∫
d4x
√−g
[
ωin(k1)
µin
]1/2
[
ωin(k2)
µin
]1/2√
2k3 e
−i(k1+k2+k3)·x ×
× U¯ ink1,rγµχ∗µ (k3)V ink2,r′ . (73)
To simplify the calculation, let us explicitly write the
spinor functions as [18],
U¯ ink1,r = −Kin(k1)(i6 k1 + µin)eiωin(k1)ηU¯ in0,r,
V ink2,r′ = −Kin(k2)(i6 k2 + µin)eiωin(k2)ηV in0,r′ ,
(74)
with U¯ in0,r and V
in
0,r′ given by [19]:
U¯ in0,r =
√
m
(
r† r†
)
, (75)
V in0,r′ =
√
m
(
r′
−r′
)
, (76)
and r† =
(
1 0
)
or
(
0 1
)
and r′ =
(
1
0
)
or
(
0
1
)
. For
simplicity, consider a photon polarized in the z-direction.
Thus, the polarization function χµ is
χµ(k3) =
1√
2
 01(−1)qi
0
 , (77)
with q = 1, 2. Moreover, the product γµqµ(k3) is given
by
1√
2
AD
(
1− (−1)q, 1 + (−1)q,−1 + (−1)q,−1− (−1)q
)
,
where AD stands for anti-diagonal matrix going from the
lower left corner to the upper right corner. Thus we have,
U¯ in0,rγ
µχ∗µ (k3)V
in
0,r′ =
4m√
2
. (78)
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Recalling that
√−g = C(η) = [1 + (1 + tanh(ρη))]2, it
can be shown that∫ +∞
−∞
dη [1 + (1 + tanh(ρη))]
2
eiω¯η = (1 + )2(2pi)3δ(ω¯) +
+
(
2pii
ρ
(1 + )− piω¯
ρ2
)
1
sinh(piω¯2ρ )
. (79)
with ω¯ = ωin(k1) + ωin(k2).
Collecting all these results and plugging them back in
(73) yields, factoring out eδ3(k1 + k2 + k3) according to
our definition given in equation (36),
A(k1, k2, k3) = − 4m
(2pi)
3
2
[
ωin(k1)
µin
]1/2 [
ωin(k2)
µin
]1/2
×
√
k3Kin(k1)Kin(k2)(i6 k1 + µin)(i6 k2 + µin)×[
(1 + )2(2pi)3δ(ω¯) +
(
2pii
ρ
(1 + )− piω¯
ρ2
)
1
sinh(piω¯2ρ )
]
.
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